Abstract. Suppose that G is a connected reductive group defined over a field k, and Γ is a finite group acting via k-automorphisms of G satisfying a certain quasi-semisimplicity condition (see §3). Then the connected part of the group of Γ-fixed points in G is reductive. We axiomatize the main features of the relationship between this fixed-point group and the pair ( G, Γ), and consider any group G, not just the Γ-fixed points of G, satisfying the axioms. (In fact, the axioms do not require Γ to act on all of G.) If both G and G are k-quasisplit, then we can consider their duals G * and G * . We show the existence of and give an explicit formula for a natural map from semisimple stable conjugacy classes in G * (k) to those in G * (k). If k is finite, then our groups are automatically quasisplit, and our result specializes to give a map from semisimple conjugacy classes in G * (k) to those in G * (k). Since such classes parametrize packets of irreducible representations of G(k) and G(k), one obtains a mapping of such packets.
Introduction
Motivation. Suppose that F is a p-adic field with residue field k; E/F is a finite, tamely ramified Galois extension; H is a connected, reductive F -group; and H = R E/F H is formed from H via restriction of scalars. Then one expects to have a base change lifting that takes L-packets of smooth, irreducible representations of H(F ) to L-packets for H(E) = H(F ). We would like to gain an explicit understanding, in terms of compact-open data, of base change for depth-zero representations, and this problem requires us to construct a new lifting from (packets of) representations of G(k) to those of G(k), for various connected reductive k-groups G and G attached to parahoric subgroups of H(F ) and H(F ), respectively. Here Γ = Gal(E/F ) acts on G, and the connected part of its group of fixed points is G. (In most cases, this new lifting cannot itself be base change. For more details, see [1, 3] .) Since representations of G(k) can be parametrized by data associated to the dual group G * (k), it is enough to construct an appropriate lifting of such data from G * (k) to G * (k).
This paper. In the course of creating a candidate for this new lifting, we realized that we could work in greater generality. Namely, let k denote an arbitrary field, G and G connected reductive k-groups, and Γ a finite group. We assume that G is a parascopic for ( G, Γ) (see Definition 4.1). There are several reasons to make this more general assumption on G, rather than assuming that G = ( G Γ )
• . First, doing so clarifies our proofs. Second, while our original motivation was to improve our explicit understanding of base change for representations of p-adic groups, our more general formulation appears to be applicable to the understanding of a wider collection of correspondences of representations, including endoscopic transfer. We will take this up elsewhere.
In a very special case of our situation, there is a well-known correspondence between semisimple twisted conjugacy classes in certain groups, and conjugacy classes in subgroups of fixed points (see [4, §6] or [15, §3.10] ). However, our map is different and is constructed for different purposes. Indeed, for us, G * is usually not a subgroup of G * , and we have no notion of twisted conjugacy in the latter. Therefore, neither the results nor the methods loc. cit. are relevant in the setting of this paper.
Under our hypotheses, we have the following results.
(A) Suppose G and G are k-quasisplit. Then we obtain a natural map N from the k-variety of semisimple geometric conjugacy classes of the dual G * to the analogous variety for G * (Proposition 10.1). (B) By restricting and refining N, one obtains a map N st from the set of semisimple stable conjugacy classes (in the sense of Kottwitz [10] ), in G * (k) to that in G * (k) (Theorem 11.1). (C) If k is perfect of cohomological dimension ≤ 1 (e.g., k is finite), then N is a map from the set of semisimple conjugacy classes in G * (k) to that in G * (k) (Corollary 11.3). In order to prove the above results, we require direct knowledge of a special case: Γ acts on G via k-automorphisms that all preserve a Borel subgroup of G and a maximal torus in the Borel subgroup, and G is the connected part of the group of fixed points of Γ in G. This "Borel-torus pair" need not be defined over k. We do require it to be defined over the separable closure k sep of k, but of course this is automatic if k is perfect. (We show in §12 that this separability hypothesis is quite weak even if k is imperfect.) Under the above hypotheses, we prove a strong form of the following: (D) G is a reductive k-group (Proposition 3.5).
We assume that G and G are k-quasisplit in Statements (A) and (B) (it's automatic under the hypothesis of Statement (C)) for only two reasons. First, we need to know that their k-duals exist and have good properties. For this purpose, it would be sufficient to have appropriate generalizations of Proposition 6.4 and §8, something that should be achievable for some non-quasisplit groups. Second, we need a way of passing from maximal tori in G to (stable conjugacy classes of) maximal tori in G. For this purpose, weaker hypotheses would suffice. For example, it would be sufficient to assume only that G is k-quasisplit.
Outline of this paper. After establishing some basic notation ( §1), we consider how the action of a finite group on a torus T gives rise to a norm map N : T −→ T (where T is the connected part of the group of fixed points of T ), and also corresponding maps on the modules of characters and cocharacters of these tori. In fact, we deal with the more general situation where we may replace T by any torus isogenous to it ( §2). We then prove a strong version of Statement (D) above ( §3). Suppose G and G are connected reductive k-groups, and Γ is a finite group. In §4, we say what we mean by a parascopic datum for the triple ( G, Γ, G), and say that G is parascopic for the pair ( G, Γ) if such a datum exists. Given such a datum, we have associated maximal tori T ⊂ G and T ⊂ G, an action of Γ on the Weyl group W ( G, T ), and a canonical embedding W (G, T ) −→ W ( G, T ) Γ , which we describe explicitly in §5. Using standard cohomological arguments, we classify in §6 the set of stable conjugacy classes in a semisimple geometric conjugacy class (of elements), and also the set of stable conjugacy classes of maximal k-tori. In §7, we define equivalence of parascopic data. If G is quasisplit over k, then we can prove basic results about equivalence. For example, given a parascopic datum and any maximal k-torus T ′ ⊆ G, there is an equivalent datum associated to T ′ . This is crucial in showing that all of our constructions are independent of the choice of a maximal k-torus in G. If G is quasisplit over k, then we can form its dual group G * , and we are then in a position to prove strong duality results ( §8) between maximal k-tori in G and in G * . In particular, up to stable conjugacy, we have a canonical one-to-one correspondence of tori, and this correspondence preserves Weyl groups and much more. If G is also quasisplit over k, then we can use this correspondence and our norm map N : T −→ T above to define a conorm map N T * : T * −→ T * for dual maximal k-tori T * ⊆ G * and T * ⊆ G * , and can obtain explicit embeddings of Weyl groups
In particular, we show (Proposition 9.3) that such embeddings have good restriction properties with respect to centralizer subgroups of G * . We then have all of the ingredients in place to prove Statement (A) in §10. Using our cohomological results in §6, we can then prove Statement (B) in §11, and it is a simple matter to observe that Statement (C) is just a special case.
In a future work, we will address the problem of lifting other pieces of the parametrization of irreducible representations of finite reductive groups, such as unipotent conjugacy classes in dual groups.
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General notation
Let k denote a field, and k sep a separable closure of k. We will abbreviate Gal(k sep /k) by Gal(k). Given a connected reductive k-group G and a maximal torus T of G, let Φ(G, T ) (resp. Φ ∨ (G, T )) denote the absolute root (resp. coroot) system of G with respect to T . Given α ∈ Φ(G, T ), let α ∨ denote the corresponding coroot in Φ ∨ (G, T ). Let W (G, T ) denote the Weyl group of G with respect to T . For g ∈ G(k sep ), let Int denote the natural homomorphism G −→ Inn(G) given by Int(g)(x) = gxg −1 . If x ∈ G(k sep ) (resp. X ⊆ G), we will also denote Int(g)(x) (resp. Int(g)(X)) by g x (resp. g X).
If φ is a homomorphism from a group Γ to the group of automorphisms of some object, then we will denote the operation of taking φ(Γ)-fixed points by ( ) φ(Γ) , or just by ( ) Γ when φ is understood. For any k sep -torus T , let X * (T ) and X * (T ) respectively denote the character and cocharacter modules of T . Let , denote the natural bilinear pairing between X * (T ) and X * (T ). Let V * (T ) = X * (T ) ⊗ Q and V * (T ) = X * (T ) ⊗ Q. Then , extends to a nondegenerate pairing between the Q-vector spaces V * (T ) and V * (T ).
, and hence maps V * (T ′ ) −→ V * (T ) and V * (T ) −→ V * (T ′ ) that we will also denote by f * and f * , respectively. For an algebraic k-group G, let G
• denote its connected part. For i = 1, 2, let T i be a maximal torus of G, and suppose that
Finite-group actions on character and cocharacter modules
Let T be a k-torus and let Γ be a finite group that acts on T via k-automorphisms. Then Γ acts on both X * ( T ) and X * ( T ) (and thus on V * ( T ) and V * ( T )) via the rules
for χ ∈ X * ( T ) and λ ∈ X * ( T ). Suppose that T is another k-torus, and j * :
Γ is an isomorphism. Composing j * with the natural inclusion V * ( T ) Γ −→ V * ( T ), and taking duals, we obtain maps i * , j * , and i * as follows:
where ι and π are to be described below.
Define a map π :
We have that π • i * = id, so π is a projection of V * ( T ) onto V * (T ). The kernel of π is the span of the set of vectors in V * ( T ) of the form w − γ * w, where w ∈ V * ( T ) and γ ∈ Γ. Let ι : V * (T ) −→ V * ( T ) be the transpose of π. That is, ι is the map that satisfies
The image of ι is clearly the subspace V * ( T ) Γ of Γ-fixed vectors in V * ( T ). Moreover, ι is injective since π is surjective, and it respects the bilinear pairings associated to both T and T in the sense that for all v ∈ V * (T ) and w ∈ V * (T ), we have ι(v), i * (w) = v, w . Using ι (resp. i * ), we may therefore identify V * (T ) (resp. V * (T )) with
Define a map N * :
Taking duals, we have a map
where v is any preimage under i * of v. Note that if j * is equivariant under Gal(k), then so are all of the other maps above.
• . Then we have an inclusion map i : T −→ T , and a norm map N T = N : T −→ T given by (2.5 )
The maps i * and i * are induced by i, and the maps N * and N * are induced by N.
Finite-group actions on reductive groups
In this section, we establish a stronger form of Statement (D) from the Introduction.
Definition 3.1. We say that a k-automorphism γ of a connected reductive k-group G is quasi-semisimple if γ preserves a Borel subgroup B • of G and a maximal torus T • in B • . We say that γ is separably quasi-semisimple if the groups B • and T • can be chosen to be defined over k sep .
Remark 3.2. Suppose γ is a quasi-semisimple k-automorphism of G. If k is an imperfect field of characteristic two, and G has a factor of type A 2n on which some power of γ acts via a non-inner automorphism, then we do not know if γ must be separably quasi-semisimple. However, we will show in §12 that in all other cases, it must.
Lemma 3.3. Suppose G is a connected reductive k-group, and γ is a quasi-semisimple
• is reductive, 
. We obtain our desired result by taking images under φ of these groups.
Lemma 3.4. Suppose G is a connected reductive k-group, and γ is a separably quasi-semisimple k-automorphism of G. Then the group G := ( G γ )
• is defined over k.
Proof. Let T • and B • be as in Definition 3.1, and we assume that these groups are defined over k sep . Since γ is defined over k, we have that Gal(k) preserves G. Therefore, it will be enough to show that G is defined over k sep . We may therefore assume that k = k sep is separably closed. Let T • and B • be as in Lemma 3.3. Consider the free part of module of γ-coinvariants in the lattice X * ( T • ). Since this is a lattice, and it is a quotient of X * ( T • ), it is the character lattice of a k-subtorus of T • , and this subtorus is precisely T • . That is, T • is defined over k. Since T • is split over k, the root groups U α are defined over k for each α ∈ Φ( G, T • ), and there exist k-isomorphisms x α from the additive group to each U α . Moreover, if α is a root whose γ-orbit has size r, then since γ is defined over k, we may select the automorphisms x γ i α so that γ i • x α = x γ i α for i = 0, . . . , r − 1. It follows from the description of the root groups for T • given, say, in part (2 ′′′′ ) of the proof of [18, Theorem 8.2] , that each such root group U β (β ∈ Φ(G, T • )) inherits a k-structure from that of G. Thus,
is dense in Y , and hence in G. It follows from [17, Lemma 11.2.4 ] that G is defined over k. Proposition 3.5. Suppose G is a connected reductive k-group, and Γ is a finite group that acts on G via k-automorphisms that preserve a Borel
T be as in (c). Then each root in Φ(G, T ) is the restriction to T of a root in Φ( G, T ). (e) Let T be as in (c). Then there is some Borel subgroup B of G containing T such that ( B, T ) is a Borel-torus pair preserved by Γ.
Remarks 3.6.
(i) Part (a) is proved by Prasad and Yu [12] under somewhat different hypotheses. Rather than assuming that Γ fixes a Borel-torus pair, they assume that |Γ| is not divisible by char k. When char k = 0, their hypotheses are strictly weaker than ours. (ii) One can choose T in part (c) to be defined over k, in which case the torus T is also defined over k.
Remark 3.7. Note that this proposition holds for G if and only if it holds for G/Z( G). Moreover, if G is semisimple, then the action of Γ lifts to an action on the simply connected cover of G, so the previous sentence implies that we may assume that G is simply connected when convenient to do so.
Proof. Let ( B • , T • ) denote a Γ-invariant Borel-torus pair in G. By Remark 3.7, we may assume that that G has trivial center. We first prove (c) and (e). Let T • be the torus (
We prove the latter by showing that the root system Φ(
Suppose for a contradiction that Φ + is nonempty, and choose α ∈ Φ + . Let χ = γ∈Γ γ · α. Since Γ preserves B • , we have that Γ preserves Φ + , so χ is a positive linear combination of elements of Φ + , and is thus nonzero.
The canonical pairing , between X * ( T • ) and 
Since the pairing between X * (T • ) and X * (T • ) is nondegenerate, it follows that χ = 0, a contradiction.
To see that
Taking connected parts of groups of Γ-fixed points, we see that T ′ • ⊆ T • , and thus the two tori are equal. Now let T denote an arbitary maximal torus in G. We can write
This proves (c) and (e).
We now prove the other statements of the theorem simultaneously by a series of reductions. By Remark 3.7, we may assume that G is simply connected.
Suppose G = G 1 × G 2 , a direct product of connected reductive k-groups, each preserved by Γ. By induction on the dimension of G, we see that each statement holds for each G i , and thus for G. It thus only remains to consider the case where G has no such decomposition. That is, we may assume that G = r i=1 G i , a direct product of k-simple factors which are permuted transitively by Γ.
For 1 < i ≤ r, choose γ i ∈ Γ such that γ i ( G 1 ) = G i . Let γ 1 equal the identity in Γ. Use each γ i to identify G 1 with G i . Thus, we have a diagonal embedding diag :
where the symmetric group S r acts here by permuting the coordinates of elements of G. For γ ∈ Γ and g ∈ G 1 (k), we have
where each θ γ,i belongs to Aut k ( G 1 ). Note that θ γ,i = θ γ −1 i γ,1 , so the set Γ i := θ γ,i γ ∈ Γ is independent of i. Moreover, we can see that Γ 1 is the image (under restriction to G 1 ) of stab Γ ( G 1 ), and is thus a group.
Therefore,
where Γ 1 acts on G = i G 1 in the same way on each factor. Thus, we may replace Γ by S r × Γ 1 . Using induction on |Γ| and working in stages, we see that we may always replace Γ with the successive subquotients that occur in any subnormal series for Γ. If Γ is just a permutation action on the factors of G, then the proposition is clear. Thus, we may assume that G is k-simple and Γ is simple.
Then we may write G = m j=1 M j where each M j is an absolutely simple k sepgroup, and Gal(k) acts on the set of factors via a transitive subgroup of the symmetric group S m . Every element of Γ induces a permutation of the factors, thus giving a map from Γ to the symmetric group S m . Since Γ is simple, this map is either trivial or injective.
Suppose that the map Γ −→ S m is injective. Then since Γ commutes with the (transitive) image of Gal(k) in S m , we have that for every 1 ≤ i < j ≤ m in the same Γ-orbit, there is only one element of Γ that takes M i to M j . It is then easy to see that G is a product of groups isomorphic to some (hence any) M j , and thus G is reductive. Since G is defined over k sep and preserved by Gal(k), it is defined over k.
On the other hand, suppose that the map Γ −→ S m is trivial. Thus, Γ preserves each factor M j . Since Γ is simple, and since Γ commutes with the (transitive) image of Gal(k) in S m , it either consists of inner automorphisms or it is isomorphic to a subgroup of Γ j , where each Γ j now denotes the symmetry group of the absolute Dynkin diagram of M j . It will be enough to show that Γ is solvable, since then it must be cyclic. In this case, (a) and (b) follow from Lemma 3.3 and Lemma 3.4, and (d) follows from Remark 3.7 and the description of the root groups of G in [18, §8.2(2 ′′′′ )]. If Γ consists of inner automorphisms, then Γ is a subgroup of B • , and is thus solvable. On the other hand, suppose Γ ⊆ Γ j . Recall that all connected Dynkin diagrams have solvable symmetry groups. Thus, once again, Γ is solvable.
Γ . Then n acts on T Γ , and thus normalizes T . Applying the results of §2 according to Example 2.4, we may identify V * ( T ) Γ and V * (T ) via the isomorphism ι, as described in (2.1). Observe that ι commutes with the action of n. Suppose further that n acts trivially on V * ( T ) Γ , and thus on V * (T ). Then n acts trivially on T , so n ∈ C G (T ), which by Proposition 3.5(b,c) is equal to T . Thus, n acts trivially on T .
Parascopy: Definition
We now axiomatize the essential properties of the relationship between the group G and the pair ( G, Γ) of §3.
Definition 4.1. Let G and G be connected reductive k-groups, and Γ a finite group. A parascopic datum for the triple ( G, Γ, G) is a pair (φ, j * ), where
• φ is a homomorphism from Γ to Aut k ( T ) for some maximal k-torus T ⊆ G, such that some positive system of roots in Φ( G, T ) is preserved by all automorphisms in φ(Γ); and
satisfying two conditions.
Composing j * with the inclusion map
is assumed to satisfy:
We will say that G is a parascopic group for the pair ( G, Γ) if a parascopic datum for ( G, Γ, G) exists. We will say that the tori T and T appearing in this definition are the implicit tori for the datum in G and G, respectively. . While different choices of lifting can lead to groups of fixed points G φ(Γ) whose connected parts are non-isomorphic, these differences do not matter for our present purposes, and thus there is no need to make such choices. We will show elsewhere [2] that a particular lifting φ 0 : Γ −→ Aut k ( G) has the following property: If φ denotes any lifting, then (G φ(Γ) )
• is parascopic for ((G φ0(Γ) )
• , 1) in a natural way. For example, SO(2n) is parascopic for (Sp(2n), 1) .
In §7, we will define and study a natural notion of equivalence between parascopic data.
Finite-group actions and Weyl groups
Suppose that G and G are connected reductive k-groups and Γ is a finite group. Let (φ, j * ) be a parascopic datum for ( G, Γ, G). As indicated in §1, to ease notation, we will suppress reference to φ when considering the action of Γ. From now on, use the maps i * and ι of §2 to identify V * (T ) with V * ( T )
Γ and V * (T ) with V * ( T ) Γ . In the particular situation where G = ( G Γ )
• , there is an obvious embedding
Here w ∈ W (G, T ) corresponds to the unique element of W ( G, T )
Γ whose action when restricted to T coincides with that of w. We now show that we have such an embedding in our more general situation, where G is only assumed to be parascopic.
Let α be a root in Φ(G, T ). Then α = i * α for some root α in Φ( G, T ) by Condition P2 in the definition of parascopic datum. There are two cases to consider:
(1) The roots in Γ · α are mutually orthogonal.
(2) The roots in Γ · α are not mutually orthogonal.
In case (1), let Ψ = Γ · α. In case (2), [11, §1.3] implies that for each θ ∈ Γ · α, there exists a unique root
Remark 5.1. Although it is assumed in [11] that Γ is cyclic, there is only one case in which the action of the stabilizer in a general group Γ of an irreducible component of Φ( G, T ) need not factor through a cyclic quotient: namely, when the component is of type D 4 . One easily checks that in this situation, case (1) holds.
Remark 5.2. We note that in both cases, Ψ is an orbit of mutually orthogonal roots.
Lemma 5.3. Suppose that α ∈ Φ(G, T ). Then with Ψ as above, we have
Proof. Let α ∈ Φ( G, T ) be a pre-image of α under the map i * in the definition of parascopic datum. We have
Since
Ψ β is a multiple of α, it follows that Ψ β ∨ is a multiple of α ∨ . To determine this multiple we let β 0 ∈ Ψ, and compute α,
Our result follows. Proof. We may identify W (G, T ) with a subgroup of Aut Q (V * (T )), which we identify with Aut Q (V
. Thus given w ∈ W (G, T ), we will show that there exists w ∈ W ( G, T )
Γ whose action on V * ( T ) Γ coincides with that of w. It suffices to prove the existence of w only in the case in which w is a reflection w α through a root α ∈ Φ(G, T ). In this case, our candidate for w is given by (5.6).
We must show that w and w α have the same action on
Since the roots in Ψ are orthogonal,
where β ∨ denotes the coroot associated to β. Since the pairing , is Γ-invariant and v is Γ-fixed, (5.7) is equal to
for any root β 0 ∈ Ψ. From (5.4),
Hence by (5.7) and (5.8), we have that w(v) = w α (v). It follows that w α = w. The proposition follows.
Stable conjugacy classes of k-points and maximal k-tori
The following results might be well known, but we haven't found them in precisely the forms that we need. The arguments are standard, as exemplified by, say, the proof of [14, Lemma 6.4], or [9, §2] .
Let G denote a connected reductive group over a field k. Following Kottwitz [10] , we say that two elements s 1 , s 2 ∈ G(k) are stably conjugate if there is some g ∈ G(k sep ) such that g s 1 = s 2 , and for all σ ∈ Gal(k), we have that
• . Moreover, we say that two maximal k-tori T 1 , T 2 ⊆ G are stably conjugate in G if there is some element g ∈ G(k sep ) such that Int(g) restricts to a k-isomorphism from T 1 to T 2 . Let T st (G, k) denote the set of stable conjugacy classes of maximal k-tori in G. 
Proof. Suppose that s 1 and s 2 are geometrically conjugate to s. Then we have elements (k) ). Up to cohomology, these cocycles do not depend on the choices of g i . Define f i ∈ Z 1 (k, A G (s)) by setting f i (σ) to be the image of f i (σ) in A G (s). Thus we have a map from the geometric conjugacy class of s to C. It is clear that every element of C arises in this way, so our map is surjective. It only remains to show that our map induces a well-defined, injective map on the set of stable conjugacy classes.
Suppose that s 1 and s 2 are stably conjugate. We want to show that the cocycles f 1 and f 2 are cohomologous in
It is thus enough to show that
• . Conversely, suppose that f 1 and f 2 are cohomologous in A G (s). Then there is some c ∈ A G (s) such that for all σ ∈ Gal(k), we have f 2 (σ) = c[f 1 (σ)]σ(c) −1 . Let c ∈ C G (s) be a preimage of c, and as above define f Let s ∈ G(k) be semisimple. Recall that the G(k)-conjugacy classes in the geometric conjugacy class of s are parametrized by the kernel of the natural map
is injective, so our result follows from Proposition 6.1.
Proposition 6.4. Let S be a maximal k-torus of G. Then there is a natural injection
T st (G, k) −→ H 1 (k, W (G, S
)). This map is a surjection when G is kquasisplit.
Proof. Let S and T be maximal k-tori in G. Then there exists g ∈ G(k sep ) such that g S = T . Let f ∈ Z 1 (k, N G (S)) be the the cocycle σ → g −1 σ(g), and letf be the image of f in Z 1 (k, W (G, S)). Associate to T the class off in H 1 (k, W (G, S)). This class is independent of the particular element g. The proof that this cohomology class uniquely determines the stable conjugacy class of T and the proof of the converse of this statement are entirely analogous to the corresponding arguments in the proof of Proposition 6.1. Thus, we have the desired injection.
Suppose that G is k-quasisplit. Then G contains a maximal k-torus T 0 that contains a maximal k-split torus. Applying the above paragraph to the case of S = T 0 , we obtain an injection T st (G, k) −→ H 1 (k, W (G, T 0 )), and this map is a surjection from [13, Thm. 1.1]. (Although this surjectivity result is stated only for semisimple groups, it is easily extended to the reductive case.)
It remains to show that we still obtain a surjection when we replace T 0 by any maximal k-torus S in G. There is some element h ∈ G(k sep ) such that
It is straightforward to see that φ is a bijection of sets; that two cocycles f and f ′ for W (G, T 0 ) are cohomologous if and only if φ(f ) and φ(f ′ ) are cohomologous; that we thus obtain a bijection (of sets, though not of pointed sets)
; and that this bijection does not depend on the choice of h.
Remark 6.5. The statement and proof of Proposition 6.4 are essentially the same as those for [14, Proposition 6.1]. We included a proof here only because our hypotheses and conclusion are slightly different.
Parascopy: Basic properties
We are now equipped to state and prove the basic properties of parascopy.
Definition 7.1. Let ( G, Γ, G) be as in Definition 4.1, and let (φ, j * ) and (φ ′ , j ′ * ) denote two parascopic data for ( G, Γ, G). Let T and T ′ denote the implicit tori for these data in G, and let T and T ′ denote the implicit tori for these data in G. We say that the parascopic data are equivalent if there exist elements g ∈ G(k sep ) and g ∈ G(k sep ) satisfying:
Γ is the map given in Proposition 5.5 and the bars represent the natural maps from normalizers to Weyl groups of maximal tori.
In this case, we will say that (φ, j * ) is equivalent to (φ ′ , j ′ * ) via the elements g and g.
It is straightforward to verify that this relation is reflexive and symmetric. To see that it is transitive, suppose that (φ, j * ) is equivalent to (φ ′ , j ′ * ) via the elements g ∈ G(k sep ) and g ∈ G(k sep ), and (φ ′ , j ′ * ) is equivalent to (φ ′′ , j ′′ * ), a parascopic datum with implicit tori T ′′ and T ′′ , via the elements
It follows that (φ, j * ) is equivalent to (φ ′′ , j ′′ * ) via the elements g ′ g ∈ G(k sep ) and g ′ g ∈ G(k sep ). The next result addresses the question: how large is an equivalence class of parascopic data? 
for all γ ∈ Γ, and j
is independent of the choice of g. From Proposition 6.4, there is some element g ∈ G(k sep ) such that for all σ ∈ Gal(k), we have that
, and define j
, and it is equivalent to (φ, j * ).
Thus the map Int( g n) : T −→ T ′ is defined over k, and so T and T ′ are stably conjugate. The converse is proved similarly. (c) Suppose that the equivalence is via the elements g ∈ G(k sep ) and g ∈ G(k sep ). Then g and g normalize T and T , so we have elements w = g and w = g in W (G, T ) and W ( G, T ). The compatibility condition between g and g implies that σ( w · i(w) −1 ) = w · i(w) −1 for all σ ∈ Gal(k). The converse is proved similarly.
Duality
Let G be a quasisplit reductive k-group. Let B 0 denote a Borel k-subgroup of G, and T 0 a maximal k-torus in B 0 . Suppose that (G * , B * 0 , T * 0 ) is another triple of such groups. We say that the two triples are in k-duality if there is a Gal(k)-equivariant isomorphism δ 0 : X * (T 0 ) −→ X * (T * 0 ) that induces an isomorphism from the based root datum of (G, B 0 , T 0 ) to that of the dual of (G * ) always exists, and is unique up to k-isomorphism. In this situation, we will say that G * is the k-dual of G. We will say that a pair of maximal k-tori T ⊆ G and
is the transpose of δ. (Note that this notion of duality of tori depends on the ambient groups G and G * .) The isomorphism δ will be referred to as a duality map. Remark 8.2. Note that a duality map δ determines a Gal(k)-equivariant isomorphism, also denoted δ, from W (G, T ) to W (G * , T * ) under which, for each α ∈ Φ(G, T ), the reflection w α is sent to w δα . Then for every w ∈ W (G, T ) and every χ ∈ X * (T ), w χ = δ(w) δ(χ). In other words, if we identify W (G, T ) and
We note that when k is a finite field, it is standard (see [6] [7] [8] ) to work with an anti-action of W (G, T ) on X * (T ) (satisfying w1w2 χ = w2 ( w1 χ)). This, in turn, makes the natural map W (G, T ) −→ W (G * , T * ) an anti-isomorphism and forces the geometric Frobenius element F to act on the Weyl group W (G * , T * ) via the inverse of its usual action on W (G, T ). However, we consider the standard action of W (G, T ) on X * (T ), which results in the isomorphism δ of Weyl groups in the preceding paragraph. Using this map to identify W (G, T ) and W (G * , T * ), one sees easily that Gal(k) acts in the same way on these groups.
Proposition 8.3. There is a canonical one-to-one correspondence
If T ⊆ G and T * ⊆ G * correspond, then they are in k-duality, and the duality map δ :
Proof. Fix maximal k-tori T 0 ⊆ G and T * 0 ⊆ G * and a duality map δ 0 : X * (T 0 ) −→ X * (T * 0 ) of based root data as in the definition of k-duality above. As described in Proposition 6.4, we have a bijection between the set of stable conjugacy classes of maximal k-tori of G (resp. G * ) and
) on the corresponding sets of cocyles and cohomology classes, we have the desired correspondence between the sets of stable conjugacy classes of maximal k-tori in G and G * . Let T ⊆ G and T * ⊆ G * be maximal k-tori whose stable conjugacy classes correspond as in the preceding paragraph. Then T = g T 0 for some g ∈ G(k sep ), so T can be obtained from T 0 by twisting by the cocycle
) under the correspondence induced by δ 0 above. From Proposition 6.4, there is some h * ∈ G * (k sep ) such that f * is cohomologous to the cocycle that takes each σ ∈ Gal(k) to the image in W (G * , T * 0 ) of h * −1 σ(h * ). That is, there is some w * ∈ W (G * , T * 0 ) such that for all σ ∈ Gal(k), we have f
0 , and f * takes each σ to the image in
To show that T and T * are in k-duality, define an isomorphism δ : X * (T ) −→ X * (T * ) as follows. An element of X * (T ) can be written in the form g χ for a unique χ ∈ X * (T 0 ). Let
It is easily verified that δ satisfies (8.1). We need to show that δ is Gal(k)-equivariant. Suppose σ ∈ Gal(k). Then
On the other hand,
It follows that δ will be Gal(k)-equivariant if and only if
for all σ ∈ Gal(k) and χ ∈ X * (T 0 ). But this equality follows from the equivariance of δ 0 with respect to the action of W (G, T 0 ) = W (G * , T * 0 ) (see Remark 8.2) and the fact that f * (σ) = δ 0 (f (σ)). Thus, δ is a duality map. Finally, note that δ depends only up to conjugacy by an element of W (G, T )
Gal(k) on the choices of the elements g and g * .
Remark 8.5. Given a maximal k-torus S ⊆ G, let S * ⊆ G * correspond to S via Proposition 8.3. Repeating the proof with S and S * in place of T 0 and T * 0 , we see the following. If the maximal k-torus T ⊆ G corresponds to T * ⊆ G * , and we write T = g S with g ∈ G(k sep ), then there exists g * ∈ G * (k sep ) such that T * = g * S * , and the cocycle that sends σ ∈ Gal(k) to the image in W (G, S) of g −1 σ(g) corresponds to the analogous cocycle determined by g * under the identification between W (G, S) and W (G * , S * ). Thus, this latter identification leads to the same correspondence
Moreover, if δ S and δ T are duality maps for S and T , then there is some w ∈ W (G, S)
Gal(k) such for all χ ∈ X * (S), we have
Since χ → w δ S (χ) is another duality map for S, we may replace δ S by it and then we can write g * δ S (χ) = δ T ( g χ) in analogy with (8.4).
The conorm map
From now on, let G and G be k-quasisplit connected reductive k-groups, Γ a finite group, and (φ, j * ) a parascopic datum for ( G, Γ, G) with implicit tori T and T .
Remark 9.1. Given a maximal k-torus S ⊆ G, one has from Proposition 7.2(a,b) a torus S ⊆ G, uniquely determined up to stable conjugacy, such that there is a parascopic datum equivalent to (φ, j * ) having implicit tori S and S. By Proposition 8.3, S and S determine maximal k-tori S * ⊆ G * and S * ⊆ G * (up to stable conjugacy), and duality maps and duality maps δ : X * (S) −→ X * (S * ) and
, respectively). Similarly, given a maximal k-torus S * ⊆ G * , one obtains S ⊆ G and thus all of the other data above.
Using T and T , Choose T * , T * , δ, and δ as in the Remark. From §2 and Condition P1, the parascopic datum (φ, j * ) determines a map
Then N T * , * determines a conorm homomorphism
Since Γ consists of k-automorphisms, N * is Gal(k)-equivariant. Since both δ and δ are Gal(k)-equivariant, so is N T * , * . Hence N T * is defined over k. We also have a corresponding map N *
From Remark 8.2, the duality maps δ and δ determine identifications
determines an embedding (which we will also denote by i) of
. Since δ and δ are W (G, T )-equivariant (given the identifications in the preceding paragraph), it follows that N T * is as well.
Proof. Suppose that w ∈ W (H * , T * ). Then by Remark 9.2,
Thus i gives an embedding of W (H * , T * ) in W ( H * , T * ). Now suppose w ∈ W (H * • , T * ). According to [6, Theorem 3.5.3] , w is a product of reflections through roots α * ∈ Φ(G * , T * ) such that α * (s) = 1. For such a root α * , let α be the corresponding root in Φ(G, T ):
in the notation of Proposition 5.5. For each β ∈ Ψ, let β * be the corresponding root in Φ( G * , T * ):
. Then i(w α * ) = Ψ w β * , and by loc. cit., to show that i(w) lies in W ( H * • , T * ), it suffices to show that β * ( s) = 1 for all β ∈ Ψ. For such a root β * ,
so it is enough to show that N * T * β * is an integer multiple of α * .
Recall the identifications of V * (T ) with V * ( T ) Γ and V * (T ) with V * ( T ) Γ described in §5. We have
But the constant |Ψ|| stab Γ β|/|Γ · α| is always integral. Indeed, (in the terminology of §5) in case (1), we have Ψ = Γ · α, while in case (2), |Γ · α| = 2|Ψ| and | stab Γ β| is even. Translating this to the dual setting, we have that N * β * is an integer multiple of α * , and the proposition follows.
Lifting of semisimple geometric conjugacy classes
We now prove Statement (A) from the Introduction. Proof. Let S * be a maximal k-torus in G * . As in Remark 9.1, we obtain maximal k-tori S ⊆ G, S ⊆ G, and S * ⊆ G * , and duality maps δ S and δ S , and
But these latter two varieties are k-isomorphic to the varieties of geometric semisimple conjugacy classes in G * and G * , respectively. We now show that N is independent all of the choices involved in its definition. Let T * be a maximal k-torus of G * . Then from Remark 9.1 agin, we have the tori T ⊆ G, T ⊆ G, and T * ⊆ G * . By definition, T and T are the implicit tori in a parascopic datum for ( G, Γ, G), equivalent to the parascopic datum involving S and S. In particular, there exist elements g ∈ G and g ∈ G such that (c) and (d) in Definition 7.1 hold. It follows from this and the definition of N * that
We may choose g * ∈ G * such that g * S * = T * again as in Remark 8.5. Then there exist duality maps δ T , δ T such that the top and bottom faces of the following diagram commute: The front and back faces also commute by the definitions of N S * , * and N T * , * . The left face commutes by (10.2) . Since all of the horizontal maps are isomorphisms, the right face must also commute. That is, we have the equality
of maps X * (S * ) −→ X * ( S * ). Therefore, the corresponding homomorphisms S * −→ S * must be equal, i.e., It follows that the definition of N is independent of the particular choice of torus S * .
Main Theorem
We keep the same hypotheses on G, G, and Γ, and we fix the same parascopic datum for ( G, Γ, G) as in §10. for all x ∈ X γ (k).
Let T • and B • be as in Definition 3.1. The Bruhat decomposition can be used to express G as a disjoint union γ in W ( G, T • ) γ .) Moreover, the stabilizer in G of n w · z is precisely T • . In particular, each G-orbit has dimension dim G − dim T • . Since these orbits are irreducible and of the same dimension as X γ , it is straightforward to show that they are precisely the irreducible components of X γ . Since they are disjoint and finite in number, they must also be the connected components of X γ . It therefore suffices to verify (12.2) for x = n w · z. Since the dimension of any G-orbit in X γ is dim G−dim T • , we have dim T x (X γ ) = dim T x (G·x) ≥ dim G−dim T • . On the other hand, there is a natural identification T x (X) = L( G)/L( T • ), where L( ) denotes the taking of a Lie algebra, so we have
It follows from [18, §8.2(2 ′′′′ )] that if either assumption (1) or (3) holds, the last space is equal to
which has dimension |Φ(G, T • )| = dim G − dim T • . Thus T x (X γ ) = T x (X) γ , as desired.
